This paper deals with surface and interface sloshing in a tank containing two fluids of different desities. Scientific interest in this ploblem includes the need to quantify allowance loads on oil water separators and chemical plants. In this study, we give a Hamiltonian formulation of a system of two incompressible irrotational fluids with a dynamic free surface and interface. This study aims to analyze the linearized time history response and the linear properties (vibration mode and effect of surface tension on the natural frequency). As a result, it was revealed that this system has two different vibration modes (surface and interfacial mode) with same wave number and the surface tension causes natural frequency increases. The validity of the theory is verified by experimental results. This procedure can be directly applied to the nonlinear problem of this system.
Introduction
Surface and interface sloshing occur in a tank containing two immiscible fluids of different densities. Scientific interest in surface and interface sloshing includes the need to quantify allowance loads on oil water separators and chemical plants. Since the number of installation of the oil water separator are increasing yearly because of increasing interest in the water pollution. Hence, it is important to clarify the characteristics of internal wave problem when considering a safety of oil water separator.
Handa and Tajima (1) studied dispersion relations and amplitude-frequency responses of a two-dimensional model. Tang (2) studied time histories of surface wave elevation and pressure of circular cylindrical tank. However, the formulations in these studies are limited to application to a linear problem of the layered fluid system and it is difficult to apply these procedures to a nonlinear problem of this system. This is because their analytical procedures require large quantities of algebraic manipulations in nonlinear analyisis. Moreover, the specific effects of surface tension are not investigated in these studies. On the other hand, Craig et al. (3) studied a
Hamiltonian formulation of the internal wave problem on ocean engineering. Their procedure can be applied to a nonlinear problem.
In this study, we give a Hamiltonian formulation of the internal wave problem in a rigid tank, can be applied to a nonlinear wave problem by a variational formulation. Then, the experimental and theoretical analyses are conducted to investigate the effect of surface tension on the natural frequencies and the linearized time histories of surface wave elevation. 
: Surface tension coefficient divided by lower fluid density (interface) σ (2) : Surface tension coefficient divided by upper fluid density (free surface) Figure 1 shows the analytical model of this problem. Two immiscible fluids with constant densities ρ (1) and ρ (2) , respectively. The moving coordinate system o − xyz is fixed on the tank. The origin of o − xyz is located on the undisturbed interface. The tank has a uniform cross section S . It is subjected to the conservative force; namely, it is given by a potential function
Formulation of the Problem

Equations of Motion
T is the external excitation vector. The surfacez =η (1) (x,ỹ, t) =η (1) (x ⊥ , t) (the interface) separates the two fluids and the surfacez =η (2) (x ⊥ , t) (the free surface) separates the upper fluid from the air, supposed to be a constant atmosphereic pressureP 0 = 0. This system is in a stable configuration in that ρ (1) > ρ (2) . Moreover, the density ratio of two fluids is defined as follows:
In such configuration, the fluid is assumed to be incompressible, inviscid, and irrotational. Introducing the following (spatial) dimensionless quantities:
where˜ is the characteristic length. The governing equations of this system are expressed by using these dimensionless quantities. The velocity potentials of the lower and upper fluid are
(x, t) in the upper fluid domain V (2) .
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The fluid velocity components normal to the fixed boundaries are equal to zero. Hence, the velocity components on the wall satisfy
where n w is the unit exterior normal vector to the wall. On the interface (z = η (1) ), it is natural to impose three boundary conditions, two kinematic conditions that are essentially geometrical, and a physical condition of force balance. The kinematic boundary conditions are
T is the horizontal gradient operator and n (1) s is the unit exterior normal vector to the lower fluid domain along the free interface. The physical condition imposed on the interface is the Bernoulli condition, which states that
(
where σ (1) is the surface tension coefficient divided by the lower fluid density ρ (1) corresponding to the interface (z = η (1) ) and p (i) is the fluid pressure P (i) divided by the fluid density
which is defined as
On the free surface (z = h (2) + η (2) ), a kinematic and a physical conditions are imposed.
The kinematic boundary condition is
where n (2) s is the unit exterior normal vector to the upper fluid domain along the free surface. The physical condition imposed on the surface is
where σ (2) is the surface tension coefficient divided by the upper fluid density ρ (2) corresponding to the surface (z = h (2) + η (2) ). The problem then is to describe the simultaneous evolution of the free surface and the free interface. 
Lagrangian for Free Surface and Interface
In a previous section, a statement of the layered fluid problem has been given in a classical fluid dynamics framework. In this section, the problem is restated in a different way: we consider a mechanical system characterized by a specific Lagrangian, subjects to the constraints (5), (6), (7) and (10). In order to express the Lagrangian in a convenient form for analysis, the canonical conjugate variables are derived by applying the variational principle to the Lagrangian functional of this system. The kinetic energy of the layered fluid system is given by the Dirichlet integrals
and the potential energy of the system is
A Lagrangian of the wave motion has been previously given by Seliger and Whitham (4) .
They showd that a Lagrangian of the wave motion is equivalent to the volume integral of fluid pressure. Hence, the Lagrangian of the layered fluid system is
The appropriate canonical conjugate variables for the layered fluid system are obtained by applying the variational principle to the Lagrangian functional of this system (16), namely,
where the variables ξ (i) (i = 1, 2) represent canonically conjugate momentums to the interfacial and surface elevation η (i) (i = 1, 2), and δL/δη
values of velocity potential on surface and interface. These variables are defined as
z=h (2) +η (2) .
Integrating Lagarangian density (17) with respect to z and using Eq.(18), a convenient expression for the Lagrangian density is derived aŝ
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Hamiltonian Formulation
In this section, we give a Hamiltonian formulation of the layered fluid system. The Hamiltonian of this system is deduced from the Lagrangian (20) under a Legendre transform. Moreover, a Hamiltonian equation (Canonical form) of this system is derived by using the Dirichlet-Neumann operators (3) on the fluid domain boundaries.
The Hamiltonian functional H of this system is defined by using the Legendre transform for Eq.(20), namely,
Hence, the Hamiltonian of the layered fluid problem is given by the sum of the kinetic energy and the potential energy. In order to express the kinetic energy density (13) in an explicit form in terms of the canonical variables (η (1) , η (2) , ξ (1) , ξ (2) ), we introduce the Dirichlet-Neumann operators for the two fluid domains. The operators are defined as
which is the Dirichlet-Neumann operator for the lower fluid domain, and
which is the Dirichlet-Neumann operator for the upper fluid domain. Using Green's identities and the Dirichlet-Neumann operators, the kinetic energy density (13) takes the form
Using the kinematic boundary conditions on interface and surface (7), (10) and the definitions of canonical momentums (18), the boundary values of velocity potential
and kinetic energy density (25) can be rewitten aŝ
where E (i j) are defined as
Integrating potential energy density (15) with respect to z, it is rewritten aŝ
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The Hamiltonian of this system is given by Eqs.(21), (22), (27), and (29). This expression for the Hamiltonian corresponds to the expression derived by Craig et al. (3) . Hence, Hamiltonian equations of this system take the form
The next procedure is to express the Hamiltonian equations (30) in the modal coordinate. It is equivalent to deriving a generalized Fourier series of canonical variables (η (1) , η (2) , ξ (1) , ξ (2) ). The generalized Foureier series is an expansion of a function in terms of an infinite sum of orthonormal functions. In this study, we use the orthonormal function which satisfy the condition (5) and (6). The boundary value problem Eqs. (5) and (6) can be solved explicitly for the flat interface (η (1) = 0) and surface (η (2) = 0). In this case, the velocity potential
where c n are constants and Λ is a set composed of mode numbers. Moreover, the constants k n are the wave number and ψ n are the orthonormal functions, which satisfy
n w · ∇ψ n wall = 0 (i = 1, 2).
From Eqs.(18), (31) and (32), the generalized Fourier series of canonical variables can be written as
Using the definition of functional derivative (A.1) and the generalized Fourier series (35), the Hamiltonian equation (30) can be rewritten as
The Hamiltonian equation (30) and (36) are common equations to linear analysis and nonlinear analysis.
The Structure of Hamiltonian
The Hamiltonian functional H is expressed as a Taylor series in the canonical variables (η (1) , η (2) , ξ (1) , ξ (2) ). The approximating equations are obtained by retaining a finite number of terms in the Taylor expansion in canonical variables of the Hamiltonian. The Taylor expansion of Hamiltonian H in powers of canonical variables is given by
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• H f : The effect of external force.
• H 2 : Linearity (Natural frequency, Vibration mode).
• H 3 , H 4 , or more : Nonlinearity (N-wave interactions).
Linearized Theory
The Linearized Hamiltonian
In the section 3.4, the structure of Hamiltonian of this system has been clarified. In this section, we focus in particular on linearized problems. By considering the structure of Hamiltonian in the section 3.4, the linerized Hamiltonian H L is given by the quadratic part of the Hamiltonian, namely,
Our analysis involves the expansions of the kinetic energy and potential energy in the Taylor series in the canonical variables. The effort lies in understanding the Taylor expansion of the operatars E (i j) (28) appearing in the kinetic energy (27) and the part of the surface tension appearing in the potential energy (29). The first, we derive the linearized operator G (l) and G (i j) . In Eqs. (23) and (24), the first term of Taylor series in the variables (η (1) , η (2) ) are given by
Substituting Eqs.(31) and (32) into Eqs.(39) and (40), respectively, the linearized operators G (l) and G (i j) are derived as follows:
where f (x ⊥ , t) is an arbitrary function, and csch represents cosech. Moreover, substituting Eq.(41) into Eq.(28), the linearized operators E (i j) are obtained as follows:
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Linear Forced Oscillation Analysis
Substituting the linearized Hamiltonian (38) into the Hamiltonian equations in the modal coordinate (36), the linearized Hamiltonian equations take the forṁ
n are defined as
Differentiating Eq.(46) with respect to t, and substituting Eq.(47) into the result, Hamiltonian equations can be rewritten as the equations of two-degree-of-freedom system, namely,
where M n and K n are defined as
Natural Frequency and Vibration Mode
From Eq.(53), this system is expressed as a coupled oscillation problem of two fluids. Hence, this system has two different resonance modes which have same wave number. If we set F (z) n = 0 and F (⊥) n = 0, Eq.(53) becomes a free oscillation problem of two-degree-offreedom system. Hence, natural frequencies ω ± n and eigen mode vectors ν ± n of this system are given by solving the following equations, respectively.
where superscript symbol + shows a value of higher mode and superscript symbol − shows a value of lower mode. Figure 2 shows the three-dimensional rectangular model. Tank has a length of 2L and a width of 2W. It is subjected to a horizontal excitation f x = f 0 sin ωt. The origin of the moving coordinate system o− xyz is located at the center of horizontal cross section. In this case, the wave number k n and the orthonormal function ψ n which satisfy Eqs.(33) and (34) is given by
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Examples of Using Rectanglar Tank
where W =W/L, and m 1 and m 2 are the orders of function X m 1 (x) and Y m 2 (y). Tables 1 and 2 show the specification of the tank and the fluids used in the experiment, respectively. The test fluids are water and flourinert FC-3283 (Sumitono 3M Ltd.). Figure 3 shows a schematic diagram of the experimental setup. The tank is mounted on a shake table. The personal computer controls the input signal (sine wave) to a hydraulic servo vibrator. The shake table is excited by the hydraulic servo vibrator. The liquid surface elevation is measured by a ultrasonic sensor. Moreover, the displacement of shake table is measured by a laser sensor.
Experiment
Specification of Model Tank and Fluid
Experimental Setup
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Results
Vibration Mode
Equation (53) clearly indicate that this system has two resonance modes just like the case of two-degree-of-freedom system. In this section, the calculation results of the vibration mode is derived by Eq.(57). Figure 4 represents the lowest order vibration mode of this system. The parameters of calculations are shown in Tables 1 and 3. Table 4 shows the calculation results of the natural angular frequencies and the eigen mode vectors. This figure indicates that the higher mode (surface mode) is associated with free surface wave motion, while the behavior of interface is governed by the lower mode (interfacial mode). The interfacial mode has the motion of reverse phase, and the surface mode has that of in-phase. The other vibration modes have common characteristic with these results. Table 3 The parameters of calculation Density ratio ρ 0.91
Liquid depthh (1) ,h
0.50L [mm]
Surface tensionσ (1) ,σ 
The Effect of Surface Tension
In this section, we discuss the effect of surface tension (S.T.) on natural frequencies of two-dimensional model. Table 5 shows the specifications of tank and fluids. The natural frequencies divided by the natural frequencies of single layer ω (S ) n are illustrated against the ratio of higher fluid depth h (2) to the total fluid depth h (1) + h (2) shown in Fig.5 . The natural frequencies of single layer is defined as follows:
(60) Figure 6 shows the difference between the natural frequencies with S.T. ω ± n and the natural frequencies without S.T. Ω ± n as function of the mode number. The natural frequencies without S.T. Ω ± n is given by solving the following equation,
whereK n is defined as
The matirix M n is already defined by Eq.(54). The case of surface mode and interfacial mode are represented in solid and dashed lines, respectively. Figure 6 indicates that the surface tension causes natural frequency increases and has greater effect on the natural frequencies with
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h (2) /(h 
Time Histories of Surface Elevation
Figures 7 and 8 show the steady state response of surface elevation in a neighborhood of side wall (x = 0.87, y = 0). In Figs.7 and 8, the theoretical and experimental results are represented in solid and dashed lines, respectively. The conditions of experiments and calculations are shown in Tables 1, 2 , 6 and 7. In Fig.7 , the experimental and theoretical results are in reasonable agreement with each other. In Fig.8 , the experimental results shows that the positive displacement of wave motion is larger than the negative displacement. It is attributed to the superposition of high-frequency components by nonlinearity.
Time [sec] Surface elevation η (2) [mm] Fig. 7 The steady state response of surface elevation (2) [mm] Fig. 8 The steady state response of surface elevation 
